We present a study of the polarization observables of the W and Z bosons in the process pp → W ± Z → e ± ν e µ + µ − at the 13 TeV Large Hadron Collider. The calculation is performed at next-to-leading order, including the full QCD corrections as well as the electroweak corrections, the latter being calculated in the double-pole approximation. The results are presented in the helicity coordinate system adopted by ATLAS and for different inclusive cuts on the di-muon invariant mass. We define left-right charge asymmetries related to the polarization fractions between the W + Z and W − Z channels and we find that these asymmetries are large and sensitive to higher-order effects. Similar findings are also presented for charge asymmetries related to a P-even angular coefficient.
Introduction
In the framework of the Standard Model (SM) of particle physics the W boson only interacts with left-handed fermions while the Z boson interacts with both left-and right-handed fermions, albeit with different coupling strengths. This allows for a polarized production at hadron colliders and in particular at the CERN Large Hadron Collider (LHC), leading to asymmetries in the angular distributions of the leptonic decay products of the electroweak gauge bosons. Measuring these asymmetries is a probe of the underlying polarization of the gauge bosons and eventually of their spin structure.
The pair production of W and Z bosons has been the subject of recent experimental studies [1] in order to gain information about the polarization of the gauge bosons. On the theory side, leading order (LO) studies began a while ago [2, 3] before being revived [4] and studied in a recent paper [5] in the process pp → W ± Z → e ± ν e µ + µ − at next-to-leading order (NLO) including both QCD and electroweak (EW) corrections, the latter being calculated in the double-pole approximation (DPA). This approximation works remarkably well in this process as shown by the comparison performed in Ref. [5] with the exact NLO EW calculation for the differential distributions [6] , which completed the NLO EW picture after the on-shell predictions presented in Refs. [7, 8] . Note that for the production process itself the QCD corrections are known up to next-to-next-to-leading order in QCD [9] [10] [11] [12] . In Ref. [5] the extensive study of the NLO QCD+EW predictions for gauge boson polarization observables, namely polarization fractions and angular coefficients, was done in two different coordinate systems, the Collins-Soper [13] and helicity [14] coordinate systems. However, in the recent experimental analysis by ATLAS with 13 TeV LHC data [1] , a different coordinate system was used, namely a modified helicity coordinate system in which the z axis is now defined as the direction of the W (or Z) boson as seen in the W Z center-ofmass system. In addition, the study in Ref. [5] introduced fiducial polarization observables, which have the advantage of being much simpler to define and calculate (and should also be measurable), but are not the observables that are measured by the experiments yet.
The goal of this paper is to make one step closer to the experimental setup by using the modified helicity coordinate system and giving predictions in an inclusive setup, using as default the experimental total phase space defined by ATLAS at the 13 TeV LHC. It is noted that polarization fractions at the total-phase-space level are needed in [1] to simulate the helicity templates necessary to extract the polarization fractions in the fiducial-phase-space region.
In addition to providing results for polarization fractions and angular coefficients, we also present two charge asymmetries (denoted A V LR and C V 3 with V = W, Z) that are large at the NLO QCD+EW accuracy, which are sensitive to either the QCD or the EW corrections depending on the asymmetry and on the gauge boson that is under consideration. These asymmetries help to probe the underlying spin structure of the gauge bosons and should be measurable in the experiments. We use the same calculation setup presented in Ref. [5] , and our calculation is exact at NLO QCD using the program VBFNLO [15, 16] while the EW corrections are calculated in the DPA presented in Ref. [5] .
Compared to our previous work [5] , the differences in this paper are the phase-space cuts and the definition of the coordinate system to determine the lepton angles. Instead of using more realistic fiducial cuts as in Ref. [5] , we use here only one simple cut on the muon-pair invariant mass, e.g. 66 GeV < m µ + µ − < 116 GeV. The benefit of considering this inclusive phase space is that the "genuine" polarization observables can be easily calculated using the projection method defined in Ref. [5] . The word "genuine" here means that the observables are not affected by cuts on the kinematics of the individual leptons such as p T, or η . This inclusive case may therefore provide more insights into various effects, which are difficult to understand when complicated kinematical cuts on the individual leptons are present.
We discuss in Section 2 the polarization observables of a massive gauge boson in the total phase space and our method to calculate them. The coordinate system that we use to determine the lepton angles is also defined. In Section 3 numerical results for the polarization fractions and angular coefficients are presented for both W + Z and W − Z channels. From this, results for various charge asymmetries between the two channels are calculated. We finally conclude in Section 4.
Polarization observables
The definition of polarization observables and calculational details have been all given in Ref. [5] and we will not repeat them extensively. For an easy reading of this paper, we provide here a brief summary of polarization observables and the main calculational details. This will be needed to understand the numerical results presented in the next section. Polarization observables associated with a massive gauge boson are constructed based on the angular distribution of its decay product, typically a charged lepton (electron or muon). In the rest frame of the gauge boson, this distribution reads [13, 17, 18] dσ σdcos θdφ = 3 16π
(1 + cos 2 θ)
where θ and φ are the lepton polar and azimuthal angles, respectively, in a particular coordinate system that needs to be specified. A 0−7 are dimensionless angular coefficients independent of θ and φ. A 0−4 are called P-even and A 5−7 P-odd according to the parity transformation where φ flips sign while θ remains unchanged [19, 20] . We also note here that A 5−7 are proportional to the imaginary parts of the spin-density matrix of the W and Z bosons in the DPA at LO [5, 21, 22] . This is important to understand why the values of these coefficients are very small, as will be later shown. We can also define the polarization fractions f W/Z by integrating over φ,
The upper signs are for W + and the lower signs are for W − . The parameter c reads
occurring because the Z boson decays into both left-and right-handed leptons. Relations between the polarization fractions f V L,R,0 with V = W, Z and the angular coefficients are therefore obvious,
These coefficients are named polarization observables because they are directly related to the spin-density matrix of the W and Z bosons in the DPA and at LO as above mentioned. In order to calculate them, we first have to calculate the distributions dσ/(d cos θdφ), or simply the distributions dσ/(d cos θ) if only the polarization fractions are of interest. This can be computed order by order in perturbation theory. We have calculated this up to the NLO QCD + EW accuracy. The NLO QCD results are exact, using the full amplitudes as provided by the VBFNLO program. The NLO EW corrections are however calculated in the DPA as presented in Ref. [5] . In the DPA, only the double-resonant Feynman diagrams are′ taken into account. Single-resonant diagrams including γ * → µ + µ − (as shown in Fig. 1a ) or W → 2 2ν (as shown in Fig. 1b ) are neglected. Moreover, even for the double-resonant diagrams, off-shell effects are not included. In the next section we will also provide results at LO using the DPA (dubbed DPA LO) or using the full amplitudes (dubbed simply LO). Finally, we specify the coordinate system to determine the angle θ and φ. Differently from Ref. [5] , we use here the modified helicity coordinate system. The only difference compared to the helicity system is the direction of the z axis: instead of being the gauge boson flight direction in the laboratory frame as chosen in Refs. [5, 14] , it is now the gauge boson flight direction in the W Z center-of-mass frame. This modified helicity coordinate system is also used in the latest ATLAS paper presenting results for the polarization observables in the W Z channel [1] . We think the modified helicity system is a better choice when studying the spin correlations of the two gauge bosons. However, for polarizations of a single gauge boson, the helicity system is more advantageous because of a better reconstruction of the Z boson direction in the laboratory frame. In both cases, an algorithm to determine the momentum of the W boson from its decay products is still needed, which has been done in [1] . Even though we do not study the spin correlations of the two gauge bosons in this paper, we choose to use the modified helicity system to be closer to the measurement and to prepare for future studies of the spin correlations, which are not unrelated to this work.
Numerical results
The input parameters are
which are the same as the ones used in Ref. [5] . The masses of the leptons and the light quarks, i.e. all but the top mass, are approximated as zero. This is justified because our results are insensitive to those small masses. The electromagnetic coupling is calculated as
We will give results for the LHC running at a center-of-mass energy √ s = 13 TeV,
for both e + ν e µ + µ − and e −ν e µ + µ − final states, also denoted, respectively, as W + Z and W − Z channels for conciseness. We treat the extra parton occurring in the NLO QCD corrections inclusively and we do not apply any jet cuts. We also consider the possibility of lepton-photon recombination, where we redefine the momentum of a given charged lepton as being p
We use for either e or µ. If not otherwise stated, the default phase-space cut is
which is used in Ref. [1, 23] to define the experimental total phase space.
Angular distributions and polarization fractions
We first present here results for the cos θ distributions, from which the polarization fractions are calculated. They are shown in Fig. 2 , where the LO, NLO QCD, and NLO QCD+EW distributions are separately provided. The bands indicate the total theoretical uncertainty calculated as a linear sum of PDF and scale uncertainties at NLO QCD. The K factor defined as
is shown in the middle panels together with the corresponding uncertainty bands. To quantify the EW corrections, we define, as in Ref. [5] , the following EW corrections
where the EW corrections to the quark anti-quark annihilation processes and to the photon quark induced processes are separated. The reason to show these corrections separately is to see to what extent they cancel each other. For the case of on-shell W Z production, it has been shown in Ref. [8] that this cancellation is large. In this work, since leptonic decays are included, the QED final state photon radiation shifts the position of the di-muon invariant mass, leading to a shift in the photon-radiated contribution to the δcorrection. This shift is negative, making the δcorrection more negative. As a result, we see that the total EW correction δ EW = δ+ δ qγ is negative, while it is more positive in Ref. [8] .
Another important difference between this work and Ref. [8] is that different photon PDFs are used. This also changes the qγ contribution significantly. In order to see the effects of the DPA approximation at LO, we replace the denominators in Eq. We see that the NLO QCD corrections are large, varying in the range from 40% to 100% compared to the LO cross section, while the NLO EW corrections are very small in magnitude, as already known [8] . However it is important to note that the shape of the angular distributions is different between the EW corrections and the QCD corrections, a new feature which has an impact on the polarization fractions. We see clearly that the QCD corrections are not constant, but the shape distortion effect is not that large except in the cos θ e − in the W − Z channel where the QCD K-factor starts at K N LOQCD 1.5 for large negative cos θ values and reaches K N LOQCD 1.85 at large positive values. The EW corrections also introduce some visible shape distortion effects. Comparisons between the W + Z and W − Z channels are valuable as charge asymmetry observables can be measured. In this context, it is interesting to notice that the QCD corrections are very similar in the cos θ µ − distributions, but very different in the cos θ e distributions. Remarkably, the opposite behaviors are observed in the EW corrections, for bothqq and qγ corrections. The large charge asymmetry in the QCD corrections to the cos θ e distribution is most probably due to the qg induced processes which first occur at NLO. On the other hand, the large effect observed in the EW corrections to the cos θ µ − distribution is due to the QED final state radiation. This means that the charge asymmetries in W polarization fractions are more sensitive to the gluon PDF than in the Z case.
Method
f on charge asymmetry observables, we define here two observables,
Note that, absolute values are needed because, in general, the fractions can get negative as shown in Ref. [5] for the case of the fiducial distributions in the Collins-Soper coordinate system. Furthermore, since the three fractions sum to unity, only two parameters are independent. From Table 1 Table 2 , showing that these observables are very sensitive to off-shell and higher-order effects as the left-right asymmetries are negligible in the DPA limit, being numerically at the per mill level for the W case and even smaller for the Z case. Consistently with the above observations on the distributions, we see that the W asymmetry is more sensitive to the QCD corrections, while the Z asymmetry is more sensitive to the EW corrections. Note that the theory uncertainties cancel in the ratios defining the left-right asymmetries and are then expected to be negligible. We will not discuss them further.
We close this section by presenting in Table 3 the NLO QCD+EW results of the fractions for different invariant mass windows of the muon pair. These cuts are named CUT-i, i = 1, . . . , 6, corresponding respectively to [86, 96] [24] to define their total phase space. As expected, we see that the W fractions are almost unchanged while the Z fractions vary more visibly. For the Z fractions, the different behaviors between the W + Z and W − Z channels are interesting. While the f Z R in the former case varies most strongly, it is almost unchanged in the latter. This unexpected constant behavior is due to the opposite behaviors in the other fractions.
Angular coefficients
We now turn to the angular coefficients. Results for the (anti)electron are presented in Table 4 and for the muon in Table 5 at LO, NLO QCD, NLO EW, and NLO QCD+EW levels.
The first thing to notice is that the values of the P-odd coefficients A 5−7 are very small, but non-vanishing. In order to see that they are indeed statistically non-zero, we show the Table 6 for the (anti)electron case. For completeness, similar results for the muon case are also provided in Table 7 . We see that those coefficients are zero within the statistical error in the DPA. However, at LO, when full off-shell effects are taken into account, they are all non-zero, except A e + 5 and A µ − 5,W + Z where the results are very small. It has been shown in [5, 21] that, in the DPA, A 5−7 are proportional to the imaginary part of the spin-density matrices. This means that in the zero-width limit (i.e. Γ V → 0) they are vanishing, explaining why they are so small in the DPA. Note that, a finite width induces an off-shell effect, but the full off-shell effects at LO include additionally new Feynman diagrams such as virtual photon and single-resonant contributions. This explains why the values of the P-odd coefficients are significantly larger at LO than at DPA LO. Results in Table 4 and Table 5 show that they remain very small at NLO QCD+EW accuracy. Measuring them in experiments is therefore very challenging (see [20] for a study on W -jet production at the LHC). We now focus on the P-even coefficients A 1−4 . Results at the NLO QCD+EW accuracy in Table 4 and Table 5 Similarly to the previous section, we can define various charge asymmetries as
DPA LO and LO results together with statistical errors in
Because of the relations between f L,R,0 and A 0,4 presented in Eq.(2.4), the asymmetries C V 0 and C V 4 are identical to B V 0 and A V LR , respectively. Looking at Table 4 and Table 5 we see that C V 3 and C V 4 are the most interesting. Note that we ignore C V 5−7 in this discussion because they are very difficult to measure. Similar to Table 2 , values for C V 3 in different approximations are provided in Table 8 . Compared to A V LR , this asymmetry is much larger. Another interesting difference is the value at DPA LO. While it is almost vanishing for A V LR , it is large for C V 3 , reaching +51% for the Z case, suggesting very different origins. This is indeed the case because A 3 is related to the off-diagonal entries of the spin-density matrices at DPA LO, while A 4 comes from the diagonal ones [5] . This is also why the value of A 3 is much smaller than that of A 4 . All in all, we see that the value of C V 3 is much larger hence could be an additional probe of the spin structure of the gauge bosons, but this observable is more difficult to measure than A V LR because of difficulties in measuring A 3 . 
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Conclusions
In this paper, we have presented results for polarization fractions and angular coefficients up to the NLO QCD+EW accuracy in the process pp → e ± ν e µ + µ − at the 13 TeV LHC. We have used by default the total phase space adopted by ATLAS in their latest 13 TeV analysis of the W and Z polarization observables, measured in the modified helicity coordinate system where the z-axis is defined as the gauge boson flight direction in the W Z centerof-mass frame. Our LO and NLO QCD results include full off-shell effects while the EW corrections have been calculated in the double-pole approximation.
We have defined left-right charge asymmetries A W/Z LR out of the polarization fractions that are very sensitive to higher-order effects, in particular A W LR is sensitive to the QCD corrections while A Z LR is sensitive to the EW corrections. This sensitivity can be related to the shape of the higher-order corrections to the angular distributions underlying the calculations of the polarization fractions. These asymmetries are found to be large at NLO QCD+EW order, of the order of +29% for the W boson and −25% for the Z boson, that should be measurable at the LHC.
We have also defined similar charge asymmetries for the angular coefficients themselves and we have found that the asymmetries related to the P-even coefficient A 3 can also be very large, of the order of −45% for the W boson and +78% for the Z boson, and could be additional probes of the polarization structure of the underlying dynamics, even if they are more difficult to measure than the left-right charge asymmetries. The EW corrections are also found to be sizable in these A 3 charge asymmetries.
This work is a step towards a study of the polarization observables that is as close as possible to the current experimental setup in ATLAS.
